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Two-body system in center of mass frame

1=¹ = 1=m1 + 1=m2

~r

m1 m2

reduced mass

relative displacement

central interaction potential with finite range

V (r )
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Partial wave decomposition of the time-independent Schrödinger 

equation

Ã(r; µ; Á) = R(r )©(µ; Á)

u(r ) = r ¢R(r )

¡ u00(r ) +
h
2¹ V (r ) +

L (L + 1)

r 2

i
u(r ) = 2¹ E ¢u(r )

©(µ; Á) = YL ;M (µ; Á)

L ¸ jM j

All possible integers such that

Define
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Two-body scattering in center of mass frame

Incoming and outgoing waves

Ã(~r ) ! ei ~p¢~r + f (~p 0; ~p) ei p r

r
r ! 1
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r cos±L (p) ¢j L (pr ) ¡ r sin±L (p) ¢yL (pr )

r ¢j L (pr )

! sin[pr ¡ ¼L=2+ ±L (p)]

! sin[pr ¡ ¼L=2]

r ! 1

r ! 1

interacting

free
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= 1
2i

©
ei [pr ¡ ¼L =2+ ±L (p) ] ¡ e¡ i [pr ¡ ¼L =2+ ±L (p)]

ª
sin[pr ¡ ¼L=2+ ±L (p)]

= 1
2i

e¡ i ±L (p)
©

e2i ±L (p)ei (pr ¡ ¼L =2) ¡ e¡ i (pr ¡ ¼L =2)
ª

f (~p 0; ~p) =

1X

L = 0

f L (p)PL (cosµ)

Partial wave decomposition of the scattering amplitude

outgoing wave
incoming wave

f L (p) =
¡ i

2p

h
e2i ±L (p) ¡ 1

i
=

1

p [cot ±L (p) ¡ i ]
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Ã(~r ) ! ei ~p¢~r + f (~p 0; ~p) ei p r

r
r ! 1



For potentials with finite range and not too singular at the origin, 

the following S-wave effective range expansion is convergent

pcot ±0(p) = ¡ a¡ 1
0 +

1

2
r0p2 +

1X

n= 0

(¡ 1)n+ 1P (n )
0 p2n + 4

f 0(p) =
1

pcot ±0(p) ¡ ip

Dimensional analysis:  Length dimensions of coefficients

a¡ 1
0 = [`]¡ 1; r0 = [`]; P (n )

0 = [`]2n+ 3
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S-wave scattering length

range of interaction
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In three dimensions the weakly-interacting low-momentum limit 

occurs when all of the coefficients of the effective range expansion 

are of natural size.  For the S-wave case,
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Weakly-interacting low-momentum limit

Throughout this talk we consider low momentasuch that

a¡ 1
0 » R¡ 1; r0 » R; P (n )

0 » R2n+ 3

pR ¿ 1

A parameter is called ñnatural sizeò if it is roughly the same order of 

magnitude as the interaction range raised to the corresponding 

length dimension.  



pcot ±0(p) = ¡ a¡ 1
0 +

1

2
r0p2 +

1X

n= 0

(¡ 1)n+ 1P (n )
0 p2n + 4

f 0(p) =
1

pcot ±0(p) ¡ ip

The terms contributing to the amplitude have a simple hierarchy

¡ a¡ 1
0

¡ ip 1

2
r 0p2

¡ P (0)
0 p4
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pR

more powers of



V1(r ) = ¡ 1:49722e¡ r 2

V2(r ) = ¡ 5:67356e¡ 4r 2

V3(r ) = ¡ 4:43876re¡ 2r 2

Example:  Strongly-interacting S-wave for d = 3

Tuned bound state energy to

E = ¡ 0:005

Using units where the reduced mass equals 1
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E = ¡ 0:005

S-wave bound state
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E = 0:05

S-wave scattering state
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E = 0:10

S-wave scattering state
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E = 0:15

S-wave scattering state
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E = ¡ 0:005 ¼ ¡ 1

2a2
0

a0 ¼ 10
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At low momentathe unitarity limit is reached when the entire real part 

of the scattering amplitude can be neglected
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Unitarity limit

pcot ±0(p) = ¡ a¡ 1
0 +

1

2
r0p2 +

1X

n= 0

(¡ 1)n+ 1P (n )
0 p2n + 4

f 0(p) =
1

pcot ±0(p) ¡ ip

¡ a¡ 1
0

¡ ip 1

2
r 0p2

¡ P (0)
0 p4

a¡ 1
0 ! 0; a0 ! § 1

must be fine-tuned



d

d0
E0

E 0
0

E0d2 = E0
0d02
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Scale invariance physics

f 0(p) ¼ i

p



Neutron-neutron S-wave 

scattering length is  ï18 fm 

while the range is about 2 

fm.
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For neutrons with an 

average separation of 

about 7 fm (about 1% of 

the density of the iron 

nucleus), this is not far 

from the unitarity limit.

Dilute neutron matter

This neutron density is 

expected in the inner crust 

of a neutron star.


